Abstract. We present a new microphysical model for the vapor growth and aspect ratio evolution of faceted, hexagonal ice crystals in the atmosphere. Our model is based on a novel, efficient numerical method for solving Laplace's equation for steady state diffusion on the surface of a three-dimensional hexagonal prism, and also takes into account the surface kinetic processes of crystal growth. We do not include ventilation, so our model is limited to stationary crystals or falling crystals smaller than 100/•rn. We calculate a self-consistent solution for the distribution of the supersaturation and the condensation coe•cient on each crystal face, for several different assumptions regarding the crystal growth mechanism and ice surface properties. We use this model to predict the aspect ratios expected for faceted ice crystals over a range of temperatures and supersaturations, as well as to estimate the conditions for which faceted growth becomes unstable and the crystals become hollowed or dendritic. We compare these predictions to observed features of ice cloud crystals to infer some microphysical characteristics of ice crystals and their temperature dependence. We also compare our predicted mass growth rates with those of the capacitance model for spheres and ellipsoids to look at the effects of shape and surface kinetics. Finally, we insert the single-particle code into a simple parcel cloud model to investigate the feedbacks between crystal surface kinetics, shape, and the thermodynamic properties of clouds.
important for large ice crystals, but will not be considered in this paper due to the difficulties already involved in modeling diffusion and surface kinetics for three-dimensional hexagonal crystal growth. Numerical models of the distributions of diffusing quantities outside an object of complex shape tend to be unwieldy and slow. More important, the molecular-scale physics of the incorporation process is not well understood, and we have very few measurements of the microscopic surface parameters over the tropospherically relevant temperature range. In most ice crystal growth models in the atmospheric literature, crystal shapes are usually approximated as ellipsoids of fixed, or temperaturedependent aspect ratio, and the surface kinetics are neglected. Yokoyarna and Kuroda [1989] presented a model in which crystal surface kinetics and shape evolution are treated in detail, but only for two-dimensional crystals. More recently, Libbrecht [1999] has developed an interesting method for modeling the growth of three dimensional cylindrical crystals which includes a parameterized treatment of surface kinetics, but he has not explicitly modeled the crystal growth mechanism(s) or included latent heating effects.
In section 2 we present the mathematical problem of faceted crystal growth, describe our numerical method for its solution, and discuss the limitations of the model. In section 3 we describe the surface kinetic processes and microphysical input parameters that determine the condensation coefficients. In section 4 we present some model results inc!uding the calculated distributions of supersaturation and condensation coefficient on the surfaces of three-dimensional hexagonal crystals and their linear and mass growth rates. We compare our predicted mass growth rates with those of two other ice crystal growth models commonly used in cloud models, namely, the equivalent sphere and capacitance models. We also use our model to predict the growth shapes expected for crystals with different assumed growth mechanisms in a range of environments and to define the conditions for stability of faceted crystals. In section 5 we apply these results to observed features of crystals in clouds to infer microphysical characteristics of ice crystals at low temperatures where some parameters have not been measured (below -15øC). We use the inferred microphysical parameters and our model to derive in section 6 the first model-predicted habit diagram for the range -30øC •_ T •_ 0øC, for several different assumptions regarding the operative crystal growth mechanism(s). In section 7 we insert the singleparticle growth code into a simple parcel cloud model to investigate the feedbacks between crystal surface kinetics, crystal shape, and the thermodynamic properties of clouds. A summary and discussion of our results are given in the final section.
• 
Since we are imposing a uniform flux across each face, we have only two unknown flux values, Fv,• and F•,2, to determine. Therefore we impose the flux condition (6) at only two locations on the crystal surface. Mathematically, attempting to impose (6) at more than two locations would lead to •n overdetermined system of equations for the unknown fluxes Fv,i. Physically, requiring the condition to hold on more than one location on each face would imply that the growth rate of the face is controlled by vapor fluxes at more than one location, contradicting our assumption of uniform faceted growth. Owing to the symmetry of the crystal, it is sufficient to choose a set of symmetric points x• on each of the c faces and x.
• on each of the a faces at which we will impose condition (6). We will henceforth label all variables at these points by an asterisk.
Imposing ( For this reason we also want to be able to determine the spatial distribution of the temperature field on the crystal surface. As with the mixing ratio q, the rate of heat diffusion to the crystal surface happens on a much faster timescale than the growth of the crystal, so we can assume that for the purposes of computing flux rates to the surface, the temperature field is in quasi-steady state and satisfies V•T-0.
Furthermore, we make the assumption that the diffusion of heat in the crystal is much faster than in the v•por, and thus that the bulk crystal is isothermal and that temperature variations on the surface are not reflected in the bulk crystal. This is a common assumption that allows us to avoid the more complicated problem of solving for temperature in both the crystal and surrounding environment. The far-field temperature is given by Too, and the boundary conditions at the crystal surface are given in terms of the conductive heat flux FT,i to each face. This flux can be related to the vapor flux Fv,i by the expres- 
Pice
This growth velocity will then be used to advance the interface in a manner described in more detail in the following section.
A Numerical Solution Method
We wish to solve (2) subject to the surface boundary conditions (3) for the full three-dimensional hexagonal crystal. While analytic solution methods are feasible for simpler shapes, such as the ellipsoid or cylinder, a fully numeric method must be used for the general hexago- To solve this equation, we use BIEPACK [Atkinson, 1999] , a package written specifically to solve boundary integral equations on piecewise smooth surfaces. This package creates and refines a triangulation of the piecewise smooth boundary and solves the general integral equation using collocation methods over these triangles. 
Spatial Distribution of Condensation Coefficients
Equations (21) and (22) give the functional forms for a*(cr*), the condensation coefficients at the ledge sources, that is, at xi -x•. To define the condensation coefficient ai at other positions xi on the ith crystal face, we recall that in faceted growth Fv,i is uniform over each facet. From (8) where a(xi) is computed from the mixing ratio q(xi).
Surface Kinetics in Crystal Growth Model
We now use these ideas to define several crystal growth scenarios. The ledges created by dislocations that emerge on a facet provide attachment sites for incoming vapor molecul'es and hence represent vapor sinks on the crystal at all positive supersaturations. However, predicting the probability of dislocations in The uncertainty in the measurements, and the limited range of temperatures and humidities over which they were taken, limit the accuracy with which growth rates of crystals can be calculated. However, we are primarily interested in understanding the observed patterns in crystal stability and growth, for which the approximate values of the measured critical values (which are confirmed by independent tests) suffice. Although we use by-eye fit to the measured average values here for some illustrative figures and calculations, in the main body our major results are presented in terms of the ratio of ambient to surface critical supersaturations, so that they can be applied to new surface parameter measurements as these become available.
A surprising aspect of the laboratory results is the fact that C•cr,2•9 was always so low: less than 1% at temperatures above -10øC, and a maximum of 2.5% 
Model Results
We have applied our numerical model to the investigation of the link between surface parameters and macroscopic crystal properties over a range of parameter values relevant to atmospheric clouds. We discuss our results in this and the next section of the paper. 
Limits to Stable (Flat Faced) Growth
From observations of vapor-grown ice crystals in the atmosphere and in the laboratory, it is well known that compact faceted shapes are usually found at low su-GROWTH OF HEXAGONAL ICE CRYSTALS persaturations while hollowed or dendritic shapes are found at high supersaturations (see Figure 1) . The empirical boundary between these two regimes seems to depend on temperature but is not well characterized. for all x on the face (see equation (24) the faceted regime than for the other types: from less than 0.25 to greater than 3, and an indication of much higher values for hollowed crystals. Although 2-D nucleation growth explains the overall habit variation with temperature, the fact that observed aspect ratios are usually more moderate at temperatures above -30øC suggests that dislocations also play a role in the growth of atmospheric ice crystals.
Interpretation of Field Observations
The stability criteria we have derived depend on the critical supersaturation values of each crystal facet. In the temperature regime for which we have data on surface parameters, we can infer the crystal growth pro• cesses from observed crystal shapes and our stability plots. At lower temperatures we infer values of Crcr,2 D based on field observations of faceted, hexagonal crystals at known temperatures and supersaturations. example, that having a dislocation on just one prism face would suppress growth on the adjacent faces, which would in turn enhance growth on the faces adjacent to those, which would suppress growth on the face opposite the dislocation, producing a trigonal crystal.
Antarctic "Diamond Dust"
Diamond dust refers to ice crystals which are often observed to precipitate from relatively clear skies in Antarctica. A large fraction of these crystals have pristine faceted shapes. Kikuchi and Hogan [1979] collected many of these crystals on Formvar-coated slides, and using a microscope observed a wide variety of shapes, including hexagonal columns and plates as well as trapezoidal, triangular, and rhomboidal crystals. The dominant shape was columnar with an average aspect ratio ranging from 2.5 to 5.5, although many crystals with F >_ 10 were also seen. S. Warren (personal communication, 1999) has also observed long, thin, unhollowed columnar crystals in Antarctica simultaneously with small, nearly isometric, unhollowed crystals. Inferred air temperatures during Kikuchi and Hogan's observations were around-37 ø to-35øC, and a• was typically •, 30-40% in the lowest 3 km of the atmosphere. Columns are the expected shapes at these temperatures [Kobayashi, 1965] , but it is at first surprising to find that most crystals are n6t hollowed and that some have such large aspect ratios while others from the same locations are nearly isometric.
The In our simplified cloud model. we prescribe an updraft velocity and ice crystal number density (we have considered only fully glaciated clouds) and calculate the evolution of temperature, supersaturation, and ice crystal size and shape as they grow and release latent, heat. •.
•..2D at this temperature. The mass evolution is also similar for each model except for the D0 crystals which grew significantly slower. This is due to the fact that the prism faces were barely growing, so that the surface area of the growing basal faces remained constant; that is. the crystal was growing only in one din•ension. This case shows that the supersaturation does not always compensate for surface kinetic effects on mass growth rates. At low temperatures the effect of surface impedance on crystal growth may be enough to substantially increase supersaturations in fully glaciated clouds, which may have important effects on new particle nucleation rates, and can also decrease the mass growth rate. Tb•e capactrance model, which does not include surface kinetic effects, will generally underestimate the supersaturation in condensing ice clouds.
Crystal shape. As in the previous

